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3) In the presentation of M , we have

Tor(M) ∼= R/ 〈a1〉 ⊕ · · · ⊕ R/ 〈am〉

In particular M is a torsion module ⇐⇒ r = 0 and in this case
Ann(M) = 〈am〉.

Proof.

1) Since M is finitely generated, pick a generating set of M with the minimal
cardinality, say {x1, x2, · · · , xn}. Let Rn be a free module of rank n with
basis {b1, b2, · · · , bn}. Define a map

ϕ : Rn → M
bi 7→ xi

and extend it homomorphically over all of Rn considered as a R module.
Then ϕ is a R module homomorphism. Moreover, given an arbitrary
element of M ,

∑n
i=1 aixi, we have

ϕ

(
n∑

i=1

aibi

)
=

n∑
i=1

aixi

so ϕ is surjective. By Theorem 11 (1st Isomorphism Theorem),

Rn/ ker(ϕ) ∼= M

Since ker(ϕ) a submodule of Rn, there exists a basis y1, y2, · · · , ym of Rn

and elements a1, a2, · · · , am ∈ R such that a1y1, a2y2, · · · , amym is a basis
of ker(ϕ) and ai|ai+1 for i ∈ {1, 2, · · · ,m− 1}. Therefore

M ∼= (Ry1 ⊕Ry2 ⊕ · · · ⊕ Ryn)/(Ra1y1 ⊕Ra2y2 · · · ⊕ Ramym)

Consider the natural sujrective R module projection:

π : Ry1 ⊕Ry2 ⊕ · · · ⊕ Ryn → R/ 〈a1〉 ⊕ R/ 〈a2〉 · · · ⊕ R/ 〈am〉 ⊕ Rn−m

(u1y1, u2y2, · · · , unyn) 7→ (u1 + 〈a1〉 , u2 + 〈a2〉 , · · · ,
um + 〈am〉 , (um+1, · · · , un))
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