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5.2 Fatou’s Lemma

Theorem 5.5 (Fatou’s Lemma). Suppose (X,C,u) a measure space. If
{fn}nen is a sequence of non-negative, . measurable functions, then

- < Tim
/lngle%\]nf{fn} dp < hgle%wnf/f” du

Proof. Fix m € N. Let gn,(x) = ir>1f {fu(z)}.
Fix 2. Then gn(x) < fo(z) for n > m. Therefore

/gmdpg/fnd,uifan

Therefore

o - . e
/ Gm dpp < ;Igfn / Jndp < ?J;‘f (3;212 / fn du) hlgle inf / fn dp

Since m was arbitrary, this is true for all m. Therefore

lim [ g, dp <liminf / fn du
m—00 neN

Again fix . Then g,,(z) < gme1(x) by rules of infemum (glb) (since
gm+1 1s taking the infemum over a smaller set). Thus { g, }men is a monotone
increasing sequence. We will now apply Theorem 5.4 (Monotone Convergence
Theorem). That is:

m—00 m—oo \ n>m

Therefore
. < Tim
/llglel£f{fn($)} dp < hrgle%\]nf/fn du

Example 5.6. For each n € N, define f,, : R = R by

1 ifn<z<n+1
fn(fv):{ e

0 else.
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lim [ g d,u:/ liirl Gm du:/ lim (inf {fn(m)}> dp = /limeian{fn(:v)} du



