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Double Categories
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Pseudo category objects

Definition For a 2 category K a

pseudocategory I in K consists of a diagram

Cgc C Co
and iso 2 cells

Gf GEC
10
age C 4 age

Y c

on E EE É
989

s

normalized landr id



 

ÉIJ

Double Categories

Definition A double category is a pseudocategory
object in Cat

E x G E G Eo
Ps assoc an ps unitary Y

G E categories

Let's spell that out
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Arlo Arlo Arte xAr fo
Ob G

t t
Arca Are Arce

Ht Ht
Oble x0be Ob Oba

Ob E
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III II o

dat tf
Are x Ark Arce xAr fo

Ob G
squares
of e my

goblet arrow I garrodcomp

Arctic.FM amofrG Arce

I III comp IIT
ObleKoble Ob ItOb EOble p

o

a pro arrows of objectsof Q
o a
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Pro arrow composition is only required to be

Unitary and associative up to isomorphism

there are doublecells

A YB
h
B Akita B

Unitors Ia Th IB Ph
A q B Ry

g

B

A Sf C K D
associators

Ip us
A sth D
f hg

Vertically invertible and satisfying coherence
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Examples

I Rel objects an sets
proarrows are relations
arrows are functions

squares
S R ST R E SxT

I I
R E Sixt

such that

for sat ER Uls VCH ER



 

ÉIJ

Z Apan E where E is a category with pullbacks

Qb are objects in e

crows are arrows in E

pro arrows are spans

SEA IT

Squares commutative diagrams

see a T

Kent it
3 For Eo I a double category E x E E II

is just a monoidal category
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I A 2 category A gives rise to double categories

A 1 a A
Had with cells u a v when Ight int

B 1 B

Hud with cells a h B

1
when A B

in d

QA with cells A h
s B when

u a r A D

E
k
D

int
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Pseudo Double Functors

Foy Q E X G G Go
to

and D D D D Do

a pseudo functor consists of
Fo E Do and I L D

with comparison cells

E E G G E Y E G

FEI É F
É É F

TI ItDID É Do
y É
stricter
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The Grothendieck Construction
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Recall a classical result from SGA4

For an indexing pseudofunctor F A Cat
with structure isomorphisms

Ya IFA 3 F IA

Yg f i Fg off F lgof

the category of elements I A has

objects A X Ae Obj A X eObj FIA

arrows g y Aix B y with g A B

and Y X Fig y in FLA
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identities

composing

d

Ya x x F IA XI

CA x It B y EY CC z
for

92,42 o Gi 4 grog Yggo g ye 04

x F lg ly ILY Ilg Fg z 9g Flgg 4
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Properties of ft FA

IT ft d is defined by
Air 1 A

g pl g

It is a fibration
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Tibrations
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Fibrations CartesianArrows

Let p E B be a functor An arrow g É
in E is Cartesian if for all

e
y

É F se in E

pe

plage pr Ipe in B

there is a unique lifting X
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Fibrations

P E B is a fibration if for any

e t se in E

b
p
ope in B

there is a Cartesian lifting g off to e

A cleavage for p consistsof a choiceof a Cartesian

lifting for each f and e
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It is a fibration
F L I Cat

LF BIRD Aix
xeFA

f

Tel EFB

A B
y

A
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It is a fibration

y

dj Bff'd
If If

TF I
B
y

A

canonical Cartesianmorphisms

f 1 Few

they form a cleavage
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Result for a fixed base category B the

Grothendieck construction extends to a 2 equivalence

BI Cat Fib B

BE Cat pseudo functors pseudo naturaltransformations

modifications

Tif B fibration over B Cartesian functors
vertical natural transformations

Effie g de pies
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Fibrations over an arbitrary Base

Fib is the 2 category

objects cloven fibration p E B arbitrary B

arrows f P E B P E B

is a commutative square

E
ft
É

P

B
f
BI ft preservesCartesian

arrows

2 cells d f g commutativeE
cylinder
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CFib E Iib is the locally full sub 2 category
Where we require the arrows ft to preserve the

cleavages

We obtain two equivalences of 2 categories

Fib I Iet

É ps É
natural transf

CFib I I Cats strict ntl
transformations
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Examples of Fibration

Mod Ring is a fibrationland an opfibration

R M i s R CRI FM Ram

M a left R module
R r f

Rz

f M restrictionof scalars

Codomain fibration over a category E with pullbacks

Arrs E E has obj fly in E

and arrows X h
s x

I f gyp

Comm in

E
y

the codomain functor É E is a fibration and

op fibration Cartesian arrows are pullbacksquares
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Examples continued

for E any category Fam E is the

category of set indexed families g obj
in E

Ci ie I
morphisms

c e 7 Dj jeg
f fi i et

f I I function
Ci Df lilThis is the Grothendieck construction for

Seto Cat
I 1 Iet
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The Category of Elements is also an oplax co limit

for F as diagram in Cat

Wehave a universal cone

g

FA Ea

FgT deg 3 Fs
FB EB

Ep K 1 A x

4 n y 1 Aix A y
CIA GaoY

Egly Ig Ig
A Fglyl B y


