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Goat Introduce a Double Categoryof Elements

with a corresponding notion of double fibration

extending the monoidal Grothendieck construction

Moeller Vasilakopoulo TAC2027

Jaz Myers double Grothendieckconstructions for open
dynamical systems as special cases E PTC 202

structured and decorated cospans as special cases

Baez Courser Vasilakopoulou 2020,2022 Patterson 2023

extending the discrete case Lambert TAC2021
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Double Fib rations
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Since it is not obvious what the codomain

of an indexing functor

1A A dbl cast

should be we start with double fibrations
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Double Fibration

First Idea a double category is a pseudoCatt in

Cat us a double fibration is a pseudo cats in

Fib

This would amount to

E E E
É Etc yt

PER

E

V
Po

St
BgB E B

E É
y
et

ooo strict dbl functor with extra properties
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Double fibrations

Problems

Fib doesn't have all 2 pullbacks required

for this

We require the same fibrational strictness

for s and t that we require for y and

Solution we will require that s and t are in crib

i e they preserve cleavages
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Double Fibrations

Definition A double fibration is a strict

double functor P I B between pseudodouble

categories
E E E

E s Ee
SE

E
te

PipP P Po s t

B EB
B BI

s

I É
EB

Po and P are fibrations with cleavages
Se and te are cleavage preserving

YE and are Cartesian morphism preserving
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Examples

1 Im Span Sat Rel
A ES B Im is H E AxB

is a double op fibration

2 When E Bo 1 we get

E E E
E s Ee I 1

Pippi P id

B EB sBIC y I
a monoidal fibration

3 The Grothendieck constructiongiven in DavidJazMyers
work are also double fibrations
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Examples

4 For any 2 functor P E B P is a 2fibration

as in Buckley's work if and only if P Q E ACB

is a doublefibration
5 if Po and P are discrete fibrations we recover

discrete double fibration

6 For D a double cat let D z

dom D D

is a double fibration
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I The codomain fibration extends to a

double codomain fibration cod D2 D

f ID and Do havechosen finite limits

these limits are preserved on the nose by
s and t

o and up to iso by y and 0
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8 for E a small cart Fam e has

obj I Cilice or f I e

arrows his f g
h I J fogh Ife

pro arrows natural transformations

diffIg for spansof sets

XIs y

cells a cell from

dogs Is to d I E Ie
z e
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are given by
a morphism of spans

x s y

PI at tr
2 IT

W

with 2 cells

Kitt wÉ 8

Zte
sit pad Sng dado
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To Fam e Set
is a split fibration

We extend this to

IT Fam E Span Set
send pro arrows to their underlying
spans and cells to spanmorphisms

claim this is a split double fibration
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Relation with

Street's Internal Fibration

a look off trail we will not take
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Internal Fibrations

Internal fib rations in a 2 category were

introduced by Street in 1974
We will use the following three z cats

Dbl s E Dbl E Dbl

5 T
lax dblstrict dbl pseudo

functors dbl functors functors

In all 3 cases we use vertical transformations

2 F g D II

for each Xin ID an arrow ax Fx Ex in E

for each pro arrow x I s y a dbl

cell Am Fm Sm in natural and
functorial
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Theorem Cruttwell Lambert P Sayid

A strict double functor is an internal fibration

in Dbl Cat if and only if it is a double fibration

In addition a pseudo doublefunctor P

is an internal fibration in Dbl Cat

if Po and P admit cleavages that

are preserved by s and tie
is an internal fibration in Dbl Cat

if in addition ye and preserve
Cartesian morphisms
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Furthermore a strict double functor P is

an internal fibration in Dbl Cat if and only
if Po and P are fibration that admit

cleavages that are preserved by all of
SE te YE and E
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Double Indexing Functors

Take 1
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Double Indexing Functors

Note D Categories are monoids in Span Set

Co c
id co id co cos d t ÉÉ's c t co

co c s e
CoCoc s

E E Co

Unites identities
for the copy

multiplication
composition for the
cat's

Moeller and Vasilakopoulou used

Fib 2 I Cat Ps Mon Fb x Ps Mon Ifat x
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To generalize this further we need

double 2 categories pseudo categories
in 2 Cat

pseudo monoids in double 2 categories

Result pseudocategories in a 2 cats e

correspond to pseudomonoids in pan E

Recall that we want to take the source and target
from a more restricted class of arrows say I

Result pseudocats in E with s t in I correspond

to pseudo monoids in Spang C T

t t t
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Double 2 Categories

A double 2 category is a pseudo cat in Kat

EEE E É E
so we have

0 I 7 objects

1
s

I arrows

T
T BE f 2 cells
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The Double 2 Category Span Cat

Objects categories A B C

Arrows functors

Proarrows
spans S HIT

Dbl cells commutative diagrams

A T J

IF
te s y t jt
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Dbl 3 cells

A T T 2 4.07

81 IF I
Hex B y't

s A T J

g't IF H

Hex B y't
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consists of

S c
s A T J

G is Effie HfaIi
x
B

y
T

such than the two cylinders commute



 

ÉIJ

Double Indexing Functors

Tf Span Cat is the slice category
with

objects contravariant lax double

pseudofunctors F Ar Span Cat

A indexed ps dbl categories

Morphisms H T F G

H lax dbl Hop Hop pop
pseudo fund

F

gÉÉ CatT lax dbl
ps ntl trato
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Lax Double Pseudo Functors

Definition A lax double pseudo functor

F D E

between dbl 2 categories D E consists of

Pseudofunctors Fo Do Io

F ID II

Comparison pseudo natural transformations

Do Y IDID god
D

F
I

F
F XE

II y
a ÉE TEE g

s É
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Invertible associativity and unitor modifications

É'D a

Jin I
É
itIac I I I

It É c F

ele

satisfying well definedness and coherenceconditions
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Lax Double Pseudo Natural Transformations

A lax dbl ps ntl transformation
T F g D I

consists of
pseudo ntl transformations

To To So T 8

Modifications
ID ID DIP 3D D ID s D D

IIE e
É ÉÉ É us

I
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and

Do Do Y D D Y D D

FI IF I
S E E 3 F E

Ey s E IT

satisfying multiplicativity and

unitality Conditions

We write Dbl z Cat D E for the cast

of lax dbl pseudofunctors and lax dbl ps ntl

transformations
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The Representation

Theorem
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The RepresentationTheorem

Theorem Cruttwell Lambert P Sayid

There is an equivalenceof categories
Dbl Fib I I Span Eat

Idea for the proof use pseudomonoids in

double 2 categories

Fib I I cat m CFib I I Care

so pane Ib 2 Span Ifat
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Span Ib has objects
Ep
fibrations with cleavage

Notation

P

Span Ifat hasobjects BP I Cat psfunctor F

arrows
peg

ft s E Cartesian arrow p
preserving If

ft É P

Farrows

BI.gg1
Opseudo
trafo Holt

Fl
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proarrows p I IR Art cleavage
preserving

proarrows
F g Pk dip strict

natural transf

Erie't'tcells PA R

f g uh cleavage

P'd i r or preserving

fight
Els F 5 Pk Cartesian

Hold I 1
arrow pres

III stay K
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Then lift

Dbl Fib i PsMon SparcEib

PsMon pan Ica ISpanCat
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Connections with Known Constructions

Monoidal Fib rations 2 Fibration

monoids
are cats pounce

Fibranong
inter constr

Discrete Dbl Fib Double Sr Constr

All of these have an indexed notion and

a Grothendieck category ofelements

In our case the composition of the

functors used in the proof gives us also a

categoryof elements construction
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The Double Category

of Elements
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The Double Grothendieck Construction

Start with F Do Span Eat

Fo ID P SpanCarlo Cat i

F D D Span Cat

and a further induced functor

I
P In Span Eat

apt Cat z

Apply the ordinary elements construction to
i and z

III F o D LEILA D

cloven fibrations
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Details of III F

Some notation

for m A B in ID write Im in Span Eat

as

palm
T Rm

B

for A B C in D we have the laxity
comparison cell Iac Fm EBIn I

Factmon ICmÉnj Rman Fc
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Now III CF is givenby

objects C x Cin ID x in FC

arrows f I C x D y

with f C D in ID

and I x fty Fifty in FC

pro arrows mim C x i s D y

with C ID in D

me Im FC Fm FD

s t Lm m x

Rm m y
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double cells

A x t B y

FF O.O gg

Cz hint Dio
Lm Rm

with A Y B FA c Fm FB
FO

f O G
in'D

HIIIIIC p D

and M O On an arrow in Fm sit

LmOFF and Rm Otg
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Composition in the arrow direction is as expected

for arrows A x
f B y

9.8 C z

the composite is gf off.gg g I
A x C 2

for cells mint n 5 E p p

the composite is

80,100,804870 mim pip

Units Ida Gx C x

1m Gm
mim mim
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III F III LTI are defined by

s 10 8 f I

ELO 8 g g

pro arrow composition
for Aix mm B y hit Cz

the composite is

man 4min Min
A x Cz

Composition for cells and pro arrow units

are given using appropriate components of the

structure isos related to pseudonaturality
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Results

IT III F ID is a double fibration

This is the object part of an equivalence

of categories
Dbl Fib E MISpan Cat

which specializes to

Dbl Fib B I Dbl zCat B Span Cat

for each dbl catT B
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Examples

Let A be a category with pushouts and Gsp A

the double cat's with cells

X s Ze Y

I 2 I
For any

lax double functor

F Esp A Span Cat
the dbl cat's of elements El F is F Gsp

the double category of F decoratedcospans
Patterson 2023

This slightly generalizes the decorated Cospans

from Baez Courser Vasilakopoulou
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Double Indexing
Functors

Take 2
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How can we view III CF as a colimit

For this we need an indexing functor into a

suitable double 2 category with double categories
as objects

To guide us to the correct double 2 category observe

pseudo dbl functors 11 Span Cat correspond

to Go E E with Note

IF AI s So
É ApexFlicktÉ the
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ago
and

for
s E t

fac
É Co

Goes Ci
y Co

i e to double categories

GEE 0,9 39
Apex Flik FA
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These double categories are the fibersof the double

fibration
EIF It

We can also use them to define a new indexing

functor
É A Prof Dbl Cat

Prog Dbl Cat is the dbl 2 category with

Prof Dbl Catto Dbl Cat with arrow valued

transformations as 2 cells

pro arrows are internal profunctors in Cat
o

or modules
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ID M E

is given by a span of categories

DD LM M RM II
with associative actions

D EM I M M x E I m
to

that commute with each other

double cells
yn y

are O M m

Fy
O g

that commute

G
sE

with the actions

3 cells are compatible triplesof transformations
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Transition of Indexing Functors

Given F 1A Span Cat we define

É A Prog Dbl Cat

by
objects A 1 I idk.am FlidA Ila

FA considered as
a double cat

arrows for an arrow v A B in It

there is a dbl cell A ida a

V ido N

B id B
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I sends this to

FA
Lida Elida Rida FA

Fro
Fo

FBC
Lg
FTid Jia FB

and this induces a ps double functor
Itv I lid I A Lida I B FLAB

i e an arrow of Prof Dbl Cat

pro arrows a pro arrow A M B in It

is sent by F to

FA Lm Fm Pm FB
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with
ImfFidB

FA s
Lm Im Rm Bkid's Iidpride FB

Pm

Face Fm
pm

FB

and
FidaEA

Fm

IA chida FidaRida FAC LmFm Rm FB

pg y
This gives Im the structure of a
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profunctor
É m FA I s B

dbl cells for A Y B

g

in A

fy g
58

I gives IA Lm Im Rn FB

ISFcc Int FD

and IO Fm In is equivariant with

respect to the actions defined before so

IO FO fits in
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FA IT EB

Ff ON Ig
Fc F SED

lots of details to check and we have

F A Span Cat

I 1A Prof Dbl Cat

is givenby forgetting the arrow parts

to do make this an equivalenceof categories
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Il F as a cone for I

for A in A
III CF

F A Cida Ka
11It ps.gltgorIEllF o

obj Xe obj FA I A X

arrows XI X
in Arr FA

s A Yay o

proarrows m e obj F ida ida m

cells O e Arr Elida 2A fidalgo
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for A T B in A we need a dbl cell

IA IT IB

KA Am 1B
El CF I ELIF

id
ee

ie IA e Fm FB

Ap Am XB

Ill S IETF t Ella

satisfying additional conditions
on objectsof Fm im 1 mim

on arrows of Fm m n 1 7 1m 7 mid
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We can then check that this is indeed a cone

I m Em
É O

I s Am

v u v Yident id Eet

and a suitable equationfor

Mi m z
s
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The UniversalProperty of this cone

To be done this is an invitation

there is the usual double categorical co limit

property as described in Grandis Pare but

there are also higher dimensional aspects

Potential applications
understand how various known constructions

such as decorated cospans are co limits

this can helpwith determining various

ways of describing morphisms between them


