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Why | care

m Monomials (nonzero products of generators) in M-l

N[x,y,2]

0%y F %z Nas monomials 1,x,y,z, xy, yz, 22,28, ..

m For example

m There
X-y=xy y-z=yz z-z=2°

m but x - z=0and x - x = 0 are not monomials and thus not
defined.

= partial multiplication p : X x X — X needed
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Partial maps in Set

A partial map of sets f : X — Y is a subset Uy C X together with a
map f: U — Y.

Notations
Formapsf,g:/l—> B, f<gifUsc Ujand g|y, =f
The restriction f: X — X is Uy with the inclusion U; — X
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Restriction categories

Definition
A restriction category is a category with a structure that assigns to
each mapf-AaBamapf:AaAsuchthat

Notation _

A map fis total if f = 1,4. _
Formapsf,g: A— B, f<giffg="f

This partial order on Hom(A, B) makes a bicategory.
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Partial commutative monoids

A partial commutative monoid in a restriction category X (with a
restriction terminal object) is an object X with

m all restriction product powers X x ... x X of X existing,
m apartialmap m: X x X — X, and
m atotalmapu:x — X

such that the following diagrams commute:

(U1X p17pr0
X— X x X XxX—— XxXxX*>X><X
\/ \/ 1)(><m = m

Xxx—" . x
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Morphisms

A strict morphism of partial monoids (X, m,u) — (X', m',u) is a
total morphism f : X — X’ such that the following diagrams commute:

fx
X><X4>X’><X’
”"J L / \

f X—>X’
X—>X
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Morphisms

A strict morphism of partial monoids (X, m,u) — (X', m',u) is a
total morphism f : X — X’ such that the following diagrams commute:

fx
X><X4>X’><X’
”"J L / \

f X —> X'
X———m X
A lax morphism of partial monoids (X, m,u) — (X', m’,u’)is a
total morphism f : X — X’ such that the diagrams above commute up
to <:
mf < (f x f)m

We obtain two categories SPCM(X) and LPCM(X).
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Example

X ={1,x} with u(x) =1,m(1,1) = 1,m(1, x) = x and m(x, x) not

defined

X" = {1} with trivial multiplication and unit
X |1 X X
111 X ]
x | x DNE

Thenthe map f: X — X', x — 1 is a lax morphism but no strict
morphism:
(f x f)m’ is defined everywhere, mf isn’t
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Bags/Multisets

A bag (also known as a multiset) is a modification of
the concept of a set that allows for repetitions, e.g.

11,2,2,2,47.
The union of bags adds the multiplicity of elements:

11,3,3§w11,2,2,3,41=11,1,2,2,3,3,3,4f

A bag ais a subbag of a bag b if the elments of aare in
b and their multiplicites are at least as high in b as in a:

11,8,37C 11,2,3,4,3,3] ¢ 11,2,3,4,5f
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Multiplying in a partial monoid

Given a partial commutative monoid X, a bag w = i, ..., i{ of
numbers in [k] := {1, ..., k}, there is a map

pw XK= X (X, Xk) = X Xi, = (X (X, (X5 X))
Especially
/L"U'S =T Xk —)X,
kg = U,
fork =2
prrer =pc X2 X
and for k = 1

MUS:‘I)(:X—)X

These partial maps encode the monoid structure
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In every partial monoid there are the maps

/7‘31"'ﬁ31(/1'b17"'7ubn) : Xk - Xn
where s1, ..., 81, by, ..., by are bags of numbers in [k] = {1,..., k}.

Definition (generic partial monoid)

Let the restriction category B consist of:

Objects: natural numbers 1,2,3...

Morphisms k — n: pairs (S, w) where w is a n-tuple of bags in [k]
and S is a finite set of bags in [K] fulfilling

m S is downwards closed under C
mweS
m () and singletons are in S

Identity: ({0,71(,... TkT}, (115,... L k))

Composition: soon
Restriction: (S, w) = (S,({15,...,1k()) : k — k
Restriction product: (n) x (m) = (n+ m)
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Intuition

S ={s1,...,81} — Where it is defined

w = (b, ..., bp) — What it does
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Composition

The composition (S, w)(R, V) is supposed to resemble the
compositions of

fis,--Tis, (fiby -or 115, ) = XK — X

/NN

TN TN TN
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Composition (first component)

The composition (S, w)(R, V) is supposed to resemble the
compositions of

fis,--Tis, (fiby -os 115, ) = XK — X

Given a n-tuple w of bags in m and a k-tuple v of bags in n, define

WV = (Wq, ..., W) (V1, ..., Vk) = H—J W, ..., H—J w;
Jjevs JEV

which is a n-tuple of bags in m. Especially for n = 1, we get

wr = |Hw
ier

Partial Monoids



The category B
00000@00000

Composition

The composition (S, w)(R, V) is supposed to resemble the
compositions of

fis,--Tis, (fiby» oy 15, ) = XK — X

For f = (S, w) : [k] — [n] and g = (R, V) : [n] — [m] the composition
is
fg=( (Su{wr|r e R}), wv).

Where | is the downwards closure with respect to sub-bags and wr
and wv are the compositions of tuples.
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Example

Define
pi=(S,w):2—1

with w = (11,2f) and S = {0, 115,125,711, 2f}. Then

(1 11)p
=({0, 115,125, 18§, 11,20}, (11,25, 139));: ({0, 115, 12§, 11, 2f}, (11, 2))
=({0,115,125,13(, 11,2, 11,2,3§,12,3(, 11,3}, (11,2,3f))

=(1 % p)p

The blue bags were added by the downwards closure.




The category B
00000000000

Restriction functors

m A restriction functor is a functor F such that F(f) = F(f)

m A total strict natural transformation ¢ between restriction
functors F, G: X — Y is a family of total maps maps
(¢4 : F(A) — G(A))aex, such that for every morphism f: A — B

in X
F(f)
F(A) F(B)
sﬂAJ =/< lws
G(A) G G(B)
commutes.

m A total lax natural transformation ¢ between restriction
functors F, G : X — Y is a family of total maps maps
(¢4 : F(A) — G(A))aex, such that for every morphism f: A — B
in X the diagram commutes up to <.
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Lawvere theory

A Lawvere theory for an algebraic structure is a category A such that
for any category X,

structure(X) = Funy (A, X)

Theorem

Suppose X is a restriction category with a restriction terminal object.
Then

Fun'™(B,X) 2 LPCM(X) and  Fun®"™(B,X) =~ SPCM(X)
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Future work

m Noncommutativity: Lists
m Free constructions:
Let U be the forgetful functor from restriction categories to
categories. Then it has a left-adjiont F that sends a category X
to the restriction category with
objects: Ob(X)
morphisms A — B: pairs (f, M) of f € X(A, B) and a finitely
generated, right factor closed set M of morphisms with
domain A containing 14

m Operads?
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